A. We give a transformation formula for the "2nd order" mock theta function
I  S  R
We study the transformation formula for the q-series D 5 
The q-series D 5 (q) was introduced in Ref. 7 in connection with the quantum invariant of 3-manifold. The definition (1) can be extended to |q| > 1, and we can introduce a new q-series by replacing q with 1/q in the summand of (1);
A limiting value of D * 5 (q) when q is the root of unity is related to the SU(2) Witten-ReshetikhinTuraev (WRT) invariant τ N (M) [13, 15] for 3-manifold M. Precisely, we have [6, 7] 
Here M(2, 2, 2) denotes the Seifert prism manifold Oo0(−1; (2, 1), (2, 1), (2, 1)) (see, e.g., Refs. 9, 10).
Lawrence and Zagier pointed out [8] that the Eichler integral of the modular form with weight 3/2 has a nearly modular property, and that the WRT invariant for the Poincaré homology sphere is regarded as a limiting value of the Eichler integral. This result is further extended to the WRT invariant for other Seifert fibered manifolds, and especially it was shown that the WRT invariant (5) for the prism manifold M(2, 2, 2) has a nearly modular property under a transformation 1/N ↔ −N [6] .
Well known is that the Ramanujan mock theta functions satisfy this type of transformation formula [12, 14] . It is demonstrated in Refs. 7, 8 that the Eichler integral which reduces to the WRT invariant for the Poincaré homology sphere gives the 5th order Ramanujan mock theta function when we replace q by 1/q. Therefore the q-series D 5 (q) defined in (1) is expected to be a mock theta functionà la Ramanujan. In this short note, we shall give the transformation formula for the function D 5 (q), and we prove that the function is indeed the mock theta function. Among Ramanujan's mock theta functions, we recall the third order mock theta functions [14] defined by
Here the second equalities are proved in Ref. 4 . As was proved in Ref. 14, these functions can be written in the form of the Lerche sum;
To study the transformation formula for D 5 (q), we introduce two functions; 
As Entry 12.4.5 in Ref. 3 proves
we need to study the transformation formulae for the functions h 1 (q) and the third order mock theta function ω(q) defined in (6).
In Ref. 14 Watson derived the following transformation of the third order mock theta functions, ω(q) and f (q);
where we have set
with ℜα > 0.
As will be proved in Section 2, we have the following transformation formula for our functions h 1 (q) and h 2 (q); Theorem 1. Let the functions h 1 (q) and h 2 (q) be defined in (14) and (15) respectively. We have
where we have set parameters q and q 1 as in (18) with ℜα > 0. 3 The left hand side of (19) is the Mordell integral, and the properties of this integral was studied in detail in Ref. 11 (see also Refs. 2, 5).
This theorem proves that the function D 5 (q) can be written as a sum of two mock theta functions, h 1 (q) and ω(q), as in (16). Thus we can conclude that the q-series D 5 (q), which was originally introduced based on studies of the WRT invariant, is indeed the mock theta function, and that the transformation formula of D 5 (q) is given by combining (16), (17), and (19).
P  T 1
Both the integral in the left hand side and the q-series in the right hand side (see definitions (12) and (13)) of (19) are analytic in ℜα > 0. Accordingly we can assume α ∈ R >0 to simplify our proof thanks to the analytic continuation.
We study the integral defined by
where a contour C encircles a real axis counterclockwise. As the integrand converges to zero in ℜz → ±∞, the integral K can be decomposed into
1 − e −α(2z+1) dz which we set K = K 1 + K 2 . It is easy to see that, by the Cauchy theorem, the integral K (20) is given by
We first consider the integral K 2 . On the path contour of K 2 which is in the upper half plane we can apply the Fourier expansion
and substituting this expression, we obtain
where the integrand F n (z) is defined by
We see that the integrand F n (z) has simple poles at
for m ∈ Z, and the residues of F n (z) at z = z m are computed to be
Then we obtain
On the other hand, we have
Combining these results, we obtain
Integral K 1 from the lower half plane can be computed in the same manner. Applying the Jacobi triple product formula, we finally obtain the transformation formula (19) which proves Theorem 1 after the analytic continuation.
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